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1. Introduction
Root problem in its classical setting comes back to Hopf [42]. Given a continuous map f : X → Y of topological spaces,
the aim is to minimize the number of roots (that is, of preimages of a given point y ∈ Y ) where f is allowed to vary inside
its free homotopy class. In other words, we want to compute the number
MR( f , y) = min
g f
∣∣g−1(y)
∣∣
(here and below the symbol  denotes free homotopy of maps, and |S| the cardinality of a set S).
Rebirth of interest in this problem was caused by fundamental results of Brooks [12], see also [14]. Papers [71,72,17] are
devoted to its generalization called “relative root problem”, that is, to root problem for maps of pairs. A plenty of works
consider similar settings for ﬁxed points, intersection points, coincidence points, self-coincidence points, preimage points;
see e.g. the book [18] and papers [50,51,32–34]. Also, the recent dissertation of T.N. Fomenko [29] is concentrated on several
minimization problems, see also [27,28].
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MMR( f ) = min
g f
max
y∈Y
∣
∣g−1(y)
∣
∣.
So, instead of minimizing preimage of one point, we should minimize preimages of each point.
In the paper cited [6] this number was computed for maps of closed (not necessary orientable) surfaces. Also, there re-
lationship of this number with minimal self-intersection number [9,10] and with minimal μ-tuple self-intersection number
was discussed.
For computing or estimating the number MMR( f ) we restrict ourselves by those cases in which it is ﬁnite; that is, f
should be homotopic to a map g of ﬁnite multiplicity: |g−1(y)| < ∞ for each y ∈ Y . As an example, we recall that arbitrary
continuous map of an m-dimensional compactum X to an n-dimensional topological manifold Y , where m < n, is homotopic
to a map of ﬁnite multiplicity (this result follows from Theorem 1.1 of the paper [46]; in particular case Y = Rn this was
proved in [43]). In our paper, we restrict ourselves to two cases: of ﬁnite-sheeted coverings of manifold-like continua and
of continuous maps of compact connected ﬁnite-dimensional abelian groups.
The following proposition is evident:
Proposition 1. For arbitrary continuous maps f , g : X → Y of topological spaces and for arbitrary point y ∈ Y we have
(1) if f  g then MR( f , y) = MR(g, y) and MMR( f ) = MMR(g);
(2) MR( f , y)MMR( f ).
Two basic theorems of this paper provide suﬃcient conditions for the inequality of Proposition 1 to be equality and
provide exact values of the numbers.
Conventions. All spaces are assumed to be metric, maps – continuous.
A manifold is a compact connected orientable triangulable manifold without boundary, unless otherwise speciﬁed. (The
only exclusion is Corollary 1, where in fact less assumptions are needed.)
Concerning inverse sequences and their limits, one may consult e.g. [1,69], [2, Supplement to Chapter 1, Section 1], [24,
Chapter VIII] for the case of topological spaces, [63, Section 46], [69], [24, Chapter VIII], [41, pp. 17–21] for the case of
topological groups.
We use Cˇech cohomology with integral coeﬃcients. (By the way, see [57, Section 1.D] concerning the name “Cˇech coho-
mology”.) For a map f : X → Y by f ∗n : Hn(Y ) → Hn(X) we denote the induced homomorphism.
For a homomorphism h : G1 → G2 of abelian topological groups by hˆ : Gˆ2 → Gˆ1 we denote the (Pontryagin) dual homo-
morphism. (Basics of Pontryagin duality theory can be found in the books [63,41].)
The symbol = is used in several different senses clear from the context, including homeomorphism of topological spaces
and isomorphism of topological groups.
2. On manifold-like compacta
It is clear that our settings are too broad in order to have interesting theorems valid for all spaces and all maps. In this
paper, a special class of spaces called manifold-like continua plays central role.
Let P be a family of polyhedra. Recall [54, Deﬁnition 1] that a compact space X is called P-like if for each ε > 0 there
exist a polyhedron P ∈ P and an ε-map f : X → P .3 If a continuum X is P-like, then X is homeomorphic to the limit of
an inverse sequence {Pi, pi+1i }, where Pi ∈ P and bonding maps pi+1i are surjective for all i [54, Theorem 1]. The converse
is easy to prove: the limit of an inverse sequence {Pi, pi+1i }, where Pi ∈ P and bonding maps pi+1i are surjective for all i, isP-like [54, Lemma 1].
As important examples, we have the following particular cases:
(1) Taking for P the family Mn of all n-dimensional manifolds, we obtain Mn-like spaces.
(2) For P = {S1} we obtain so-called circle-like continua [4].
We will use the following:
Deﬁnition 1. We call a continuum manifold-like if it is homeomorphic to the limit of an inverse sequence
M1
p21←− M2
p32←− · · ·
where for all i spaces Mi ’s are manifolds of the same dimension, and bonding maps p
i+1
i have non-zero degree.
3 That is, f is surjective and diam( f −1(p)) < ε for each p ∈ P , see [1].
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conditions of Deﬁnition 1.
It is clear that a manifold-like continuum of dimension n is Mn-like.
Examples. 1) By [63,3], a compact [connected] ﬁnite-dimensional group G is isomorphic to the limit of an inverse sequence
{G0, pi+1i }, where all spaces are homeomorphic to a compact [connected] Lie group G0 (hence to each other), and all
bonding maps are homomorphisms (hence ﬁnite-sheeted coverings). So, such a group is a G0-group in terms of the paper
[68]. In particular, a compact connected n-dimensional abelian group is a Tn-group.
2) As another interesting example, we mention GM-spaces, see [7] for deﬁnition and details.
3) A 2-sphere with inﬁnitely many handles, which have decreasing diameters and converge to a point, is a manifold-like
compactum [36, Section 6].
4) A circle-like continuum X is manifold-like if and only if H1(X) = 0. In particular, if a circle-like continuum is not
planar, then it is manifold-like, see e.g. [56, Proposition 2] or [52, Theorem 4.1] together with Proposition 3.
Generally speaking, manifold-like compacta have complicated local structure:
Proposition 2. Suppose X = lim←−{Mi, pi+1i } is a manifold-like continuum, and for inﬁnitely many i’s we have |deg pi+1i | = 1. Then X
is not an ANR-space.
Proof. Denote n = dim X . If X is an ANR-space, then X is an orientable n-dimensional generalized closed manifold over
every principal ideal domain [55, Theorem 1]. (Alternatively, we may use the fact that X has the homotopy type of a closed
n-dimensional manifold by [36, Corollary 4.2].) But by Cˇech cohomology continuity theorem [24, Theorem X.3.1] HnX =
lim−→{Hn(Mi), (pi+1i )∗n}. Since Hn(Mi) = Z and (pi+1i )∗n is multiplication by deg pi+1i = 0, then lim−→{Hn(Mi), (pi+1i )∗n} = 0. 
Proposition 3. For an Mn-like continuum X (n > 0) the following conditions are equivalent:
(1) X is not a manifold-like space;
(2) each map of X to any n-dimensional manifold is homotopic to a non-surjective map;
(3) each map X → Sn is homotopically trivial;
(4) HnX = 0.
Proof. (1) ⇒ (2). Let f : X → M be an arbitrary map to an n-dimensional manifold M . Let {Mi, pi+1i } be any inverse
sequence of n-dimensional manifolds such that X = lim←−{Mi, pi+1i }. There exist a number i and a map f i : Mi → M such
that the maps f , f i pi : X → M are homotopic [24, Theorem X.11.9]. Since X is not manifold-like, there exists an index j  i
such that deg p j+1j = 0. Then the map f i p ji p j+1j : M j+1 → M j → Mi → M also has zero degree and hence is homotopic to a
non-surjective map g : M j+1 → M [49,42], [26, Theorem 4.1]. We have f  f i pi = f i p ji p j+1j p j+1  gp j+1; the map gpi+1 is
non-surjective.
(2) ⇒ (3). It is clear since each non-surjective map of any space to a sphere is homotopically trivial.
(3) ⇒ (4). It follows from bijection HnX = [X, Sn] (generalized Hopf–Whitney theorem, see Theorem 7.5 of [21]).
(4) ⇒ (1). Let {Mi, pi+1i } be any inverse sequence of n-dimensional manifolds having X as a limit. Suppose that all but ﬁ-
nite number of maps pi+1i have non-zero degree. We can delete initial portion of the sequence {Mi, pi+1i } and hence assume
that all maps pi+1i have non-zero degree. Similarly to the proof of Proposition 2, we have H
nX = lim−→{Hn(Mi), (pi+1i )∗n} = 0,
a contradiction. 
3. Main results: statements. Some corollaries
Theorem 1. Let p : X → Y be a k-sheeted covering, where k < ∞, spaces X, Y are continua, and Y is manifold-like. Then
MR(p, y) = MMR(p) = k
for every point y ∈ Y .
Remark 1. Under conditions of Theorem 1, X is also a manifold-like continuum, see Corollary 5.
Remark 2. In connection with Theorem 1 let us mention that if p : X → G is a ﬁnite-sheeted covering of a compact con-
nected ﬁnite-dimensional abelian group G by a connected space X then X can be given the structure of a compact connected
ﬁnite-dimensional abelian group; moreover, p a covering homomorphism with ﬁnite kernel (see [38, Theorem 1], [23, The-
orem 2.13]).
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space X , then X is homeomorphic with S . (Let us mention [30, Example 2], [31, p. 82–83], [39], [7, Theorems 13, 15, Corol-
lary 3] and references therein for description of possible multiplicities of such coverings.) In contrast to one-dimensional
case, there exist ﬁnite-sheeted coverings between non-homeomorphic two-dimensional solenoids [22].
Recall from [66] that so-called class D consists of all closed manifolds4 M with non-trivial fundamental group and having
the property: if f : M → N is a map of M into a closed manifold N of the same dimension and the induced homomorphism
f# : π1M → π1N is an injection, then f is homotopic to a covering projection of M onto N . It is known [70] that all closed
connected orientable 2-manifolds except S2 belong to the class D.
Remark 4. S. Melikhov noticed the relationship of the deﬁnition of class D with Borel rigidity conjecture. Namely, for
manifold M ∈ D any map f˜ : M → N˜ which induces an isomorphism f˜# : π1(M) → π1(N˜) should be homotopic to a home-
omorphism (here N˜ denotes the covering space of N deﬁned by the subgroup f#(π1(M)) ⊂ π1(N)). In case M and N˜ have
homotopy type of K (G,1), this is an (open) Borel rigidity conjecture.
Corollary 1. Let M, N be closed connected manifolds of the same dimension. Suppose that M belongs to the class D. Let f : M → N be
a map such that the induced homomorphism f# : π1M → π1N is an injection, with ﬁnite index [π1N : f#(π1M)]. Then
0 < MR( f , y) = MMR( f ) = [π1N : f#(π1M)
]
for each y ∈ Y .
Proof. The map f is homotopic to a covering projection p. Number of sheets of p is equal to the index [π1N : f#(π1M)]
and is therefore ﬁnite. The result now follows from Theorem 1. 
Note that Corollary 1 implies some of results obtained in [6] (see ﬁrst statement of Theorem 2.1 and second statement
of Theorem 3.2). For the equality MR( f , y) = [π1N : f#(π1M)], see [42] or [14, Deﬁnition (3.16) and Corollary (3.21)].
In the next theorem, we deal with especial spaces, but allow arbitrary maps:
Theorem 2. For any continuous map f : G1 → G2 of compact connected ﬁnite-dimensional abelian groups with dimG1 = dimG2
and |Coker( f ∗1 : H1(G2) → H1(G1))| < ∞ we have
0 < MR( f , y) = MMR( f ) = ∣∣Coker f ∗1∣∣
for each y ∈ G2 .
For a list of conditions equivalent to the ﬁniteness of Coker f ∗1, see Theorem 3 below.
Corollary 2. For any continuous map of a torus f : Tn → Tn with deg f = 0 and any point y ∈ Tn we have
MR( f , y) = MMR( f ) = |deg f |.
This corollary is partly known. For arbitrary n the equality MR( f , y) = |deg f | comes back to papers [16,49,42]. In partic-
ular, if deg f = 0 then MR( f , y) = 0. For n = 2 and deg f = 0 the equality MMR( f ) = |deg f | is proved in [6, Theorem 3.2];
for n = 2 and deg f = 0 we have 2MMR( f ) 4 [6, Theorem 4.2].
Corollary 3. Let G be a compact connected ﬁnite-dimensional abelian group, f : G → G a continuous map, and k = ±1 an integer.
Then any map F homotopic to f (k) has at least |Coker((kf ∗1 − id) : H1(G) → H1(G))| > 0 ﬁxed points.
Here by f (k) we denote the map G → G , g → ( f (g))k (where operation in G is written multiplicatively); that is, we
mean f raised to the power k in G .
Corollary 3 partly generalizes Corollary 2 of [8] to the case of abelian non-Lie groups and partly extends classical results
for torus [59,15,13], as well as Corollary 1 of [40].
Similarly we generalize Corollary 3 of [8]:
4 Although in our paper all manifolds are supposed to be orientable, in this deﬁnition taken from [66] and in Corollary 1 one does not require orientability
and triangulability of M .
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such that k does not divide n. Then any two maps F and Φ such that F  f (k) and Φ  φn have at least |Coker((kf ∗1 − ndimG id) :
H1(G) → H1(G))| > 0 coincidence points.
Here φn : G → G maps g → gn .
4. On the notion of degree
Recall that for a map f : X → Y of manifold-like continua X and Y with dim X = dim Y , degree deg( f ) is deﬁned [11].
It is a rational number which depends on inverse sequences representing X and Y . We use this notion in our proofs. In this
section, some of its properties will be recalled and analyzed.
As S. Melikhov remarked, the following statement holds (we omit an easy proof):
Proposition 4. For a map f : X → Y between manifold-like continua X = lim←−{Mi, pi+1i } and Y = lim←−{Ni,qi+1i } where dim X =
dim Y = n we have
(1) deg f = f ∗nq∗n1 (1)p∗n1 (1) , where 1 in the numerator generates H
n(N1), 1 in the denominator generates Hn(M1);
(2) deg f = 0 if and only if the induced homomorphism f ∗n : Hn(Y ) → Hn(X) is non-zero.
Although degree depends upon inverse sequences representing X , Y , its (in)equality to zero does not depend on the
choice of inverse sequences (see [11] or item (2) of Proposition 4). Since we will use conditions of the type deg f = 0, we
will not designate spectra. Likewise, writing deg f = deg g for maps f , g : X → Y , we mean that the same spectra are used
for deﬁnitions of degrees of f and g .
The case of a ﬁnite-sheeted covering p : X → Y is the most important for our work.
The following statement is known (see [53, Lemma 11, Lemma 23], also compare [23, Lemma 2.8], [37, Section 1], [38,
Section 2, Proposition], [39, p. 2775], [20, Theorem 5], [19, Theorem 3.2]):
Proposition 5. Let π : X → Y be a ﬁnite-sheeted covering between continua. If Y = lim←−{Ni,qi+1i } where spaces Ni ’s are compact
connected ANR’s and maps qi+1i are continuous, then there exist an inverse sequence {Mi, pi+1i } of compact connected ANR’s and
continuous maps, and coverings πi : Mi → Ni such that X = lim←−{Mi, pi+1i }, π = lim←−{πi}, and each πi has the same number of sheets
as π .
If in Proposition 5 all spaces Ni are manifolds of the same dimension and degq
i+1
i = 0 for all i, then all Mi ’s are
manifolds of the same dimension and by [49,42], [26, Theorem 4.1] we have deg pi+1i = 0. So, Proposition 5 and deﬁnition
of degree imply
Corollary 5. If p : X → Y is a ﬁnite-sheeted covering between continua and Y is manifold-like then X is also manifold-like and
deg p = 0.
In connection with Proposition 5 it seems appropriate to mention the result [65, Theorem 3]. It contains conditions, for a
map between limits of inverse sequences, to be an induced map. See also [66, Theorem 2.2]. In contrast to Rogers–Tollefson
works, in Proposition 5 the inverse sequence representing X is not given in advance, but it is constructed using the given
map π .
The following statement shows the relationship between condition |Coker f ∗1| < ∞ (used in Theorem 2) and inequation
deg f = 0:
Theorem 3. For a continuous map f : G1 → G2 between compact connected ﬁnite-dimensional abelian groups G1 , G2 with dimG1 =
dimG2 , the following conditions are equivalent:
(1) deg f = 0;
(2) Ker( f ∗1 : H1(G2) → H1(G1)) = {0};
(3) rkCoker f ∗1 = 0.
If G1 is isomorphic to G2 , we may add one more condition equivalent to the listed above:
(4) |Coker f ∗1| < ∞.
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Let us state and prove propositions necessary for our proof of Theorem 1.
Lemma 1. Let f : X → Y be a map between manifold-like continua X, Y . Let p : Yˆ → Y be a k-sheeted covering of Y with k < ∞ and
Yˆ connected. Suppose there exists a lifting fˆ : X → Yˆ of f . If deg f = 0, then for each y ∈ Y we have
MR( f , y) k.
Proof. Since coverings have homotopy lifting property, then any map g homotopic to f has a lifting gˆ : X → Yˆ , so that
g = pgˆ . By Corollary 5, Yˆ is manifold-like. So, deg p is deﬁned and
deg p · deg gˆ = deg g = deg f = 0,
hence deg gˆ = 0 and the map gˆ is surjective [11]. In particular, each point of p−1(y) belongs to the image of gˆ . It follows
that |g−1(y)| = |gˆ−1(p−1(y))| |p−1(y)| = k. 
Lemma 2. If p : X → Y is a k-sheeted covering between topological spaces, then MMR(p) k.
Proof. We have maxy∈Y |p−1(y)| = k, which implies
MMR(p) = min
gp maxy∈Y
∣
∣g−1(y)
∣
∣ k. 
Proof of Theorem 1. By Corollary 5 we have deg p = 0. Applying Lemma 1 to covering p : Yˆ = X → Y , map p : X → Y and
its lifting pˆ = idX : X → X and using Lemma 2, we obtain the inequalities
kMR(p, y)MMR(p) k,
and the proof is complete. 
6. Proof of Theorem 2
Now we prove statements needed for the proof of Theorem 2.
Proposition 6. Suppose f : G → G is an epimorphism of a compact connected ﬁnite-dimensional abelian group G onto itself. Then
Ker f is ﬁnite and
|Ker f | = |Coker fˆ | = ∣∣Coker f ∗1∣∣.
Proof. Since f is an epimorphism, the (Pontryagin) dual homomorphism fˆ : Gˆ → Gˆ has zero kernel. Hence the index
[Gˆ : fˆ Gˆ] is ﬁnite [47, Section 7.2.4]. Since ̂(Gˆ/ fˆ Gˆ) is isomorphic to Ker f [63] then Ker f is also ﬁnite and |Ker f | = |Coker fˆ |.
The last equality of the proposition follows from natural isomorphism of Gˆ and H1(G), see [69], [41, Theorem 8.57(ii)], [67,
Corollary 2], [62], and also [48], [68, Corollary 1.4]. 
We obtain evidently
Corollary 6. Any epimorphism f : G → G of a compact connected ﬁnite-dimensional abelian group G onto itself is a ﬁnite-sheeted
covering. In particular, deg f = 0.
Remark 5. Similarly to Proposition 6, one can prove that for an epimorphism f : G1 → G2 between compact connected
ﬁnite-dimensional abelian groups G1, G2 with dimG1 = dimG2 the equality dimKer f = 0 holds (see also Proposition 7
below, where the non-abelian case is considered). Note that there may be no isomorphism between G1 and G2 even if the
kernel of f is ﬁnite, see e.g. [22].
Proof of Theorem 2. Let f (e) = g0. Take the shift map s : G → G , g → gg−10 ; we have sf (e) = e. Take the homotopic
homomorphism h  sf [67]. By Theorem 3, we have deg f = 0, hence degh = 0. It follows that h is surjective and therefore
(see Corollary 6) is a ﬁnite-sheeted covering. Its multiplicity equals |Coker(sf )∗1| = |Coker f ∗1| (see Proposition 6). The
statement follows now from Theorem 1. (Note that we used Theorem 3 in the proof, but Theorem 3 is proved in the next
section independently.) 
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First, we state and prove auxiliary results.
Lemma 3. Let G be a compact group, G0 and H0 be Lie groups. Let p : G → G0 be an epimorphism and f : G → H0 be a homomor-
phism. Then there exist a compact Lie group Q and homomorphisms κ : G → Q , π : Q → G0 , φ : Q → H0 such that κ is surjective
and p = πκ , f = φκ .
Moreover: if dimG = dimG0 = n, we may construct Q so that it has the same dimension: dim Q = n.
Proof. Consider the Lie group G0 ×H0 and the diagonal product homomorphism p f : G → G0 ×H0, g → (p(g), f (g)). The
subgroup Q = (p f )(G) ⊂ G0 × H0 is closed, hence it is a Lie group [64, Lection 12, Theorem 1]. Deﬁne κ = p f : G → Q
and π = p1|Q : Q → G0, φ = p2|Q : Q → H0, where p1 : G0 × H0 → G0, p2 : G0 × H0 → H0 are projections. Clearly κ is an
epimorphism and p = πκ , f = φκ . The ﬁrst part of the proposition is proved.
To prove the second part, note that π is surjective. Since p f : G → Q and π : Q → G0 are epimorphisms, we obtain the
inequalities dimG  dim Q and dim Q  dimG0 ([58, Corollary 2], see also [60], [61, Theorem 2]). Hence in case dimG =
dimG0 = n we have dim Q = n. 
Corollary 7. Let G = lim←−{Gi, pi+1i }, H = lim←−{Hi,hi+1i } be compact groups with their representations as limits of inverse sequences of
Lie groups and bonding homomorphisms, where all pi+1i ’s are surjective. Let n = dimG. Then for each homomorphism f : G → H
there exist an inverse sequence {Q i,qi+1i } of n-dimensional Lie groups and homomorphisms, and homomorphisms κi : G → Q i ,
πi : Q i → Gi , φi : Q i → Hi such that G = lim←−{Q i,qi+1i } and hi f = φiκi , πiqi+1i = pi+1i πi+1 , φiqi+1i = hi+1i φi+1 .
Proof. By the assumptions, the projection homomorphisms pi : G → Gi are surjective. Applying construction given in the
proof of Lemma 3 to maps pi : G → Gi , hi f : G → Hi , for each i = 1, . . . we construct n-dimensional compact Lie group
Q i ⊂ Gi × Hi and homomorphisms κi : G → Q i , πi : Q i → Gi , φi : Q i → Hi , such that κi are surjective and pi = πiκi ,
hi f = φiκi . Take qi+1i = (pi+1i × hi+1i )|Q i+1 : Q i+1 → Q i as bonding maps. Note that these restrictions are well deﬁned and
we have πiq
i+1
i = pi+1i πi+1, φiqi+1i = hi+1i φi+1.
It remains to prove that lim←−{Q i,qi+1i } is isomorphic to G . For this, we use the property of inverse limit as universal
object (see [35, Theorem 12.1]). If αi : A → Q i , i = 1, . . . is a sequence of homomorphisms such that αi = qi+1i αi+1 for
each i, then the sequence si : A → Gi , a → πiαi(a), deﬁnes a homomorphism s : A → lim←−{Gi, pi+1i } = G and κi s = αi . If
there were one more homomorphism s′ : A → G with κi s′ = αi , then we would have s′i = pis′ = πiκi s′ = πiαi = si , hence
s′ = s. So, lim←−{Q i,qi+1i } is isomorphic to G . 
Proposition 7. Let G, H be compact connected n-dimensional groups and f : G → H a homomorphism. The following conditions are
equivalent:
(1) f is non-surjective;
(2) dim Im f  n − 1;
(3) dimKer f  1;
(4) deg f = 0.
Proof. First, we prove that (1) ⇒ (2). Fix a sequence {Hi,qi+1i } of n-dimensional Lie groups Hi and homomorphisms
qi+1i such that its inverse limit is isomorphic to H . There exists i such that qi f (G) = Hi (qi : H → Hi is the pro-
jection homomorphism). Hence dim(qi f (G))  n − 1. It follows that f (G) is the limit of inverse sequence of groups
q1 f (G),q2 f (G), . . . ,qi f (G), . . . with bonding maps q
i+1
i |qi+1 f (G) : qi+1 f (G) → qi f (G); therefore dim f (G) n − 1.
Implication (2) ⇒ (3) follows from the Hurewicz formula (see [2, Chapter 9, Section 2], [25, Theorem 1.12.4] or [44,
Theorem VI 7]; one may also use [58, Corollary 2], [60], [61, Theorem 2]).
Implication (3) ⇒ (1) follows from [58, Corollary 2] (see also [60], [61, Theorem 2]).
Implication (1) ⇒ (4) follows from [11, Theorems 1, 2].
Let us show that (4) ⇒ (1). By Corollary 7 we may assume that representations G = lim←−{Gi, pi+1i }, H = lim←−{Hi,qi+1i } are
choosed so that the homomorphism f is induced by a sequence of homomorphisms f i : Gi → Hi (so that f i pi+1i = qi+1i f i+1).
If f is surjective, then for i large enough all f i ’s are surjective. Hence deg f i = 0 for i large enough. By deﬁnition of degree
we conclude that deg f = 0. 
Proof of Theorem 3. Let f (e) = g0. Take the shift map s : G2 → G2, g → gg−10 ; then sf (e) = e. Let h  sf : G1 → G2 be the
homotopic homomorphism [67].
S. Bogatyi, O. Frolkina / Topology and its Applications 159 (2012) 1778–1786 1785(1) ⇒ (2). If deg f = 0, then degh = 0. Hence ([11], see also Proposition 7) h is surjective; hence hˆ has zero kernel. By
the natural isomorphism between Gˆ and H1(G) (see [69], [41, Theorem 8.57(ii)], [67, Corollary 2], [62] or also [48], [68,
Corollary 1.4]) this implies that f ∗1 also has zero kernel.
(2) ⇒ (3). The group Ker hˆ being isomorphic with Ker f ∗1 is zero. By the statement in [35, Section 16, Exercise 3], we
have rkCoker hˆ = 0. Hence rkCoker f ∗1 = 0.
(3) ⇒ (1). The group Coker f ∗1 is isomorphic to Coker(sf )∗1 = Cokerh∗1. The last group is isomorphic to Coker(hˆ : Gˆ2 →
Gˆ1) and hence to K̂erh. If rkCoker f ∗1 = 0, then dimKerh = 0. By Proposition 7, we have degh = 0, hence deg f = 0. The
implication is proved.
Let us show that if G1 and G2 are isomorphic then (3) implies (4). As shown above, h is surjective. By Proposition 6, we
have |Kerh| < ∞. Hence Coker f ∗1, being isomorphic to K̂erh, is also ﬁnite.
(4) ⇒ (3) is evident. 
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